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Abstract 

According to Padmanabhan’s proposal, the difference between the surface degrees of freedom and the 
bulk degrees of freedom in a region of space may result in the acceleration of Universe expansion through 
the relation AV/At = Nsui — Nhuik where Abuik and Naui are referred to the degrees of freedom related to 
the matter and energy content inside the bulk and surface area, respectively [^. In this paper, we study 
the dynamical effect of the extrinsic geometrical embedding of an arbitrary four dimensional brane in 
a higher dimensional bulk space and investigate the corresponding degrees of freedom. Considering the 
modification of Friedmann equations arising from a general braneworld scenario, we obtain a correction 
term in Padmanabhan’s relation, denoting the number of degrees of freedom related to the extrinsic 
geometry of the brane embedded in higher dimensional spacetime as AV/At = Nsui — Abuik — Aextr 
where Aextr is referred to the degree of freedom related to the extrinsic geometry of the brane while 
Nsui and Abuik are as well as before. Finally, we study the validity of the first and second laws of 
thermodynamics for this general braneworld scenario in the state of thermal equilibrium and in the 
presence of confined matter fields to the brane with the induced geometric matter fields. 

Keywords: Emergent universe, Braneworld scenario. 

Pacs: 98.80.Cq, 98.80.-k. 

1 Introduction 

Recent researches support the idea that the gravitational field equations can be derived in the same way that 
the equations of an emergent phenomena like fluid mechanics or elasticity are obtained mm- According to 
emergent gravity paradigm the gravitational field equations can be derived from thermodynamic principle 
Hi]. In this way, Padmanabhan has treated the Einstein field equations as emergent, while the existence of 
a spacetime manifold, its metric and curvature have been assumed H- In ^ cosmological context, it has been 
argued that the accelerated expansion of the Universe can be derived from the difference between the surface 
and bulk degrees of freedom through the relation AV/At = Ygur —Ybuikj in which Vbuik and Nsm are referred 
to the degrees of freedom related to matter and energy content (or dark matter and dark energy) inside the 
bulk and surface area, respectively [6]- In order to explain the present accelerated expansion of the Universe, 
which is in agreement with different data set or observational data [5| , different models have been proposed. 
One of these models is the dark energy model which admits that the universe is dominated by a dark fluid 
with negative pressure. However, there are several dark energy models such as dynamical dark energy Hi 
quintessence nni and k-essence El, for a review the reader is referred to m- Also, the LCDM model or the 
concordance model is a particular case of dark energy that is parameterized by a cosmological constant A 
with the equation of state parameter equal minus one, i.e p = —p. The strong energy condition, i.e p+3p > 0, 
is violated by the dark energy because of demanding for the positive acceleration of the Universe through the 
second Friedmann equation ^ + ip). Another approach lies in the framework of modified gravity 
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theories which describe the present acceleration of the Universe such as f{R) gravity [T3], f{T) gravity |14| . 
Hofava-Lifshitz gravity HU, Gauss-Bonnet gravity nni, Weyl gravity El, Lovelock gravity [TH], massive 
gravity m and braneworld scenarios [50] ■ In these models, there is no need for the introduction of an ad- 
hoc component usually called as dark energy with unusual features. In these models, some additional terms 
are considered in the gravitational Lagrangian which lead to the modification of the gravitational theory 
resulting in an effective dark energy sector with a geometrical origin. One can also find such models in the 
low energy limit of heterotic string theory m- All of these models admit a series of conditions coming from 
various laws of physics such as thermodynamics laws |22| or astrophysical data. 

To explain the structure of spacetime and its relation with thermodynamics of the system, one can refer 
to four laws of black hole mechanics which are derived from the classical Einstein field equations. These four 
laws are analogous to those of thermodynamics [23] . Discovery of the quantum Hawking radiation |24) turns 
out that this analogy is an identity. By deriving the Einstein field equation from the relation of entropy and 
horizon area together with the thermodynamic law of Q = TdS which connects the heat Q, the entropy S, 
and the temperature T, Jacobson showed that the classical general relativity is a kind of thermodynamics 
where the surface gravity is a temperature [25] . The generalized second law of thermodynamics is specially 
investigated in different modified gravity models. For example, we can refer to the investigations devoted to 
the study of generalized second law (GSL) of thermodynamics in f{T) gravity models in which two types 
of horizons, are used to check the validity of the generalized second law of thermodynamics with corrected 
entropies |26| . One can also find that in the state of thermal equilibrium, in Kaluza- Klein universe which 
is composed of dark matter and dark energy, the validity of the laws of thermodynamics are true |27| . The 
investigations on the deep connection between gravity and thermodynamics have been widely considered 
in the cosmological context where it has been shown that in the form of the first law of thermodynamics 
on apparent horizon, the differential form of the Friedmann equation in the FRW universe can be written 
isHiisiisniiniisiisiisiissiiss]- The GSL in an accelerating universe related to the apparent horizon 
has been considered in [5711551155]. It was discussed in [55], that in contrast to the case of the apparent 
horizon, the general second law of thermodynamics breaks down in the case of a universe enveloped by 
the event horizon with the usual definitions of entropy and temperature. This study reveals that from the 
thermodynamical point of view, in an accelerating universe with spatial curvature, the apparent horizon is a 
physical boundary. Also, the general expression of temperature at apparent horizon of FRW universe, allows 
one to show that the GSL holds in Einstein, Gauss-Bonnet and more general Lovelock gravity [ID]. Also, 
the GSL of thermodynamics in the framework of braneworld scenarios is studied in m- One can find other 
studies on the GSL of thermodynamics in |42l [451 144] . 

In particle physics, the warped product geometries, well known as Randall-Sundrum models, are very 
important [45| . In these models, it is imagined that our real world is a higher-dimensional universe described 
by a warped geometry with Z 2 symmetry. The standard gauge interactions are confined to the four dimen¬ 
sional brane embedded in a higher dimensional bulk space where gravitons are propagating through the extra 
dimensions. More specifically, our universe is assumed to be a five-dimensional anti-de Sitter space where 
the elementary particles, except for the gravitons, are localized on a (3 -|- l)-dimensional brane or branes. 

In this paper, we consider a general braneworld model which provides a geometrical origin for dark energy 
or accelerating expansion of the Universe [46| . Gonsidering the modification of Friedmann equations resulted 
from this general braneworld scenario, we obtain a correction term on Padmanabhan’s relation. This paper 
is organized as follows: In section 2, we introduced general geometrical setup of the braneworld. In section 
3, this braneworld model is studied under Israeal-Darmois-Lanczos junction condition, which provides the 
Z 2 symmetry, and the corresponding number of degrees of freedom related to the extrinsic geometry of such 
a brane model is obtained. In section 4, we find the correction term to the Padmanabhan’s relation in our 
general braneworld model which does not have any specific junction condition. In section 5, we explored the 
thermodynamics of such a general brane model. At last, in section 6, we presented our concluding remarks. 


2 General Geometrical Setup of the Braneworld 

The effective Einstein-Hilbert action for the AD spacetime g) embedded in an nD bulk space (A4„, G) 
can be written 

Ieh = J d'^xV^TZ + j d'^Xy/^Cm, 
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( 1 ) 


where a*, TZ and Cm are respectively as gravitational coupling constant in the bulk space, bulk Ricci scalar 
and the Lagrangian density of the matter fields confined to the brane. Variation of the action m with 
respect to the bulk metric Gab{A-, 5 = 0 ,n — 1 ) leads to the following field equations for the bulk space 

Gab = a*SAB, ( 2 ) 


where Sab is 

Sab =Tab + -jVGAB, (3) 

and Tab = + QABCm is the energy-momentum tensor of the matter fields confined to the four 

dimensional brane through the action of the confining potential V. The confining potential V satisfies three 
general conditions: (I) It has a deep minimum on the original non-perturbed brane (we will discuss on the 
original non-perturbed and perturbed geometry in the following), (II) It depends only on extra coordinates, 
and (III) It preserves the gauge group related to the subgroup of the isometry group of the bulk space |48j . 
Using the confining potential V the matter fields are exactly localized on the brane and one obtains 


a^S^i, = S^a = 0 , Sab = 0 , 


(4) 


where /i,i^ = 0, ...,3 and a,b = 4,...,n — 1 labels the number of four dimensional brane and bulk extra 
dimensions, respectively and is the confined matter source on the four dimensional brane. This is the 
so called “confinement hypothesis”. 

Now, it is worth to have a brief discussion on the bulk and brane energy scales and their corresponding 
gravitational coupling constants. The bulk space gravitational coupling constant a* is 


a* = SirGn 


Sir 




n-2 ’ 


(5) 


where G„ is equivalently known as the bulk gravitational constant and is the fundamental energy scale 
of the bulk space. In a usual four dimensional spacetime, we have G 4 = G = Mpf where G is the Newtonian 
gravitational constant. In the static weak field limit of the Einstein field equations, one obtains n-dimensional 
Poisson equation for the gravitational potential which admits the following solution 


V{r) - 


j.n—3 ’ 


( 6 ) 


where by supposing that the length scale of the extra dimensions is denoted by L, this potential behaves 
as V(r) ^ on scales with size r < L, and depends on the number of dimensions of spacetime n. 

On the other hand, for the scales larger than L, the potential V{r) behaves as V{r) ^ [15]. For 

n = 4, we recover the Newtonian four dimensional gravitational potential V(r) ^ r~^. This means that 
the Newtonian gravitational constant G or usual Planck scale Mpi are effective coupling constants, which 
describe gravity on the scales much larger than the length scale of extra dimensions, and are proportional 
to the bulk fundamental energy scale M„ via 


Mh = 


(7) 


where 5"“"^ denotes the volume of the extra dimensional space. This relation indicates that for the extra 
dimensional volume which is about the Planck scale, i.e. L ~ Mp^, we have Mn Mpi. But for the volume 
which is significantly above the Planck scale, we find that the fundamental energy scale of the bulk space 
Mn is much smaller than the four dimensional effective energy scale Mpi ^ 10^® GeV. 

In order to obtain the effective Einstein field equation induced on the brane, we consider the follow¬ 
ing geometrical setup. Suppose that the AD background manifold M 4 is isometrically embedded in a n 
dimensional bulk A4n by a differential map —>■ such that 

GAByiyl = -gy... GABy%M^ = ^. GabM^M^^ =gab, (8) 

where Gab idtiv) the metric of the bulk (brane) space AIn(-Ad 4 ), {y^} ({a::'^}) is the basis of the bulk 
(brane), are (n — 4) normal unit vectors orthogonal to the brane and gab = in which e = ±1 
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corresponds to two possible signatures for each extra dimension of the bulk space. Perturbation of the 
background Af 4 manifold in a sufficiently small neighborhood of the brane along an arbitrary transverse 
direction is given by 

z^{x^,C) = y^{x^^) + (L^y{x^^))^, (9) 


where represents the Lie derivative along denoting the non-compact extra dimensions. The presence 
of tangent component of the vector ^ along the brane can cause some difficulties because it can induce 
some undesirable coordinate gauges. But, it was shown that in the theory of geometric perturbations, it 
is quite possible to choose this vector to be orthogonal to the background manifolds [50]. Then, choosing 
the extra dimensions to be orthogonal to the brane ensures us about the gauge independency m and 


having perturbations of the geometrical embedding along the orthogonal extra directions A/jy. Thus, the 
local coordinates of the perturbed brane will be 

= ( 10 ) 

Equation ([HI) implies that since the vectors J\f^ depend only on the local coordinates x^, = J\f^{x^), 

they will not propagate along the extra dimensions which can be shown as 

ac =+e = M\- ( 11 ) 

The above assumptions lead to the embedding equations of the perturbed geometry as 

gABZ\Z^^^=g^,, gABZ^^^M^, = g^a, gABM\N\ = gab. ( 12 ) 


where by setting the metric of the bulk space in the Gaussian frame and in the vicinity of 

Ad 4 takes the form of 


gAB 


( 9fii' T 
\ 



(13) 


Then, the line element of the bulk space will have the following form 

dS^ = gABdZ^dZ^ = g^,{x‘^,C)dxf^dx'' + gabd^d^^ (14) 


where 


g^.u = g^.u - 2r^/..a + e^'r^K^^aKuPb, 


(15) 


is the metric of the perturbed brane while g^i, is the metric of original non-perturbed brane (the first 
fundamental form) and 

is the extrinsic curvature of the original brane (the second fundamental form). In what follows, we will use 
the notation where 

Af^cd = GabJ^\^J^^c = -^ticd, (17) 

which represents the twisting vector fields (the normal fundamental form). For any fixed extra dimension 
we have a new perturbed brane and can define an extrinsic curvature similar to the original one by 

= -GabZ^,^N%, = - e ,,) . (18) 

Note that the definitions (nsj), (nsj) and (|18p require the extrinsic curvature of the perturbed brane to be 


K — 


idg^ 
2 d^o- 


(19) 
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In a geometric setup, the presence of gauge fields tilts the embedded family of sub-manifolds with respect 

to the normal vector According to our construction, although the original brane is orthogonal to the 
normal vector equations (1121) imply that this will not true for the deformed geometry. Hence, we change 
the embedding coordinates in the following form 

( 20 ) 

where the coordinates describes new family of embedded manifolds whose members always will be or¬ 
thogonal to the normal vector In this coordinate system, the embedding equations of the perturbed 

brane will be similar to the original one, described by the relations given in equation ([8]), so that the coordi¬ 
nates are replaced by the new coordinates X^. This geometrical embedding of the new local coordinates 
will be suitable for obtaining the induced Einstein field equations on the brane. In this coordinates, the 
extrinsic curvature of a perturbed brane is given by 

- eK^.aKl, = " ^ ^ > (21) 

which is known as the generalized York’s relation and shows the propagation of the extrinsic curvature 
because of the propagation of the metric in the direction of extra dimensions in the bulk space. The Gauss- 
Codazzi equations for the components of the Riemann tensor of the bulk space in the embedding vielbein 


will be 

+ UabcdX^^X^X'^^X^ , ( 22 ) 

i^a[7c;5] = + TlABCoX^tK^ X^X^, (23) 

where TZabcd and Rap-yS are the Riemann tensors of the bulk and the perturbed brane, respectively [52]. 
Then, one can find the Ricci tensor by contracting the Gauss equation ([22l) as 

R^.u = + UabX^^X^, - g’^'^'RABCoM^X^^X^^M^, (24) 

where a next contraction will give the Ricci scalar as 

R = n+{KoK-KaK<^)- 2g-^nABM^N^ + g’^’^g^^UABCDM^Nl^N!? , (25) 

where use has been made of the notations K o K = and Ka = g^'^Kayiu- Consequently, using 

equations (l24ll and (1251) . the relation between Einstein tensors of the bulk and brane can be obtained as 

GabX^xI^ = - g’^^TlABM^Kg,,, + g’^^TZABCoM^Xl^X^Ui ^, (26) 

where Gab, Gym are the Einstein tensors of the bulk and brane respectively, and 

Q,.. = - KaKy^^b) -^{KoK- KaK‘^)g,,,). (27) 


where Ka = g^'^Ka^n, and K o K = Kayiv From the definition of it is an independent conserved 
geometrical quantity, i.e. = 0 [45] . 

Using the decomposition of the Riemann tensor of the bulk space into the Weyl curvature tensor, the 
Ricci tensor and the scalar curvature as 

R-abcd = Gabcd — ^_2 {Sb[d'Rc]a — Ga[d'Rc]b 
we obtain the induced 4iA Einstein equation on the brane as 
G^. = G^sA^Tf + 


) - ( 28 ) 
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where = g‘^^CABCDX^J\f^J\ffX^ is the electric part of the Weyl tensor Cabcd of the bulk space . From 
the brane point of view, the electric part of the Weyl tensor describes a traceless matter, denoted by dark 
radiation or Weyl matter. For a constant curvature bulk space, we have = 0. 

Then, the induced Einstein equation, in a constant curvature and Ricci flat bulk {£^ 1 / = TZab = 0) will 
take the following form 

= SttGT^, + (30) 

where T^i, is the confined matter source on the brane and is a pure geometrical energy-momentum 
source. We also assume that the spacetime on the brane is isotropic and homogeneous and so we have 
Friedmann-Robertson-Walker (FRW) metric on the brane, 

ds'^ = -dt^ + a^{t) 2 ^ , (31) 

where a{t) is the cosmic scale factor, k = -|-1,—1 and 0 corresponds to the closed, open and flat universes, 
respectively, and d£t^ = dO^ + sin^OdcjP'. The confined matter source on the brane can be considered in 
the perfect fluid form in a co-moving coordinates as 


= (p + p)ufiUi, + pgfj.„, (32) 

where Ua = is the 4-velocity vector of the fluid, p and p are energy density and isotropic pressure, 
respectively. For the metric (I31II . the components of the extrinsic curvature tensor can be obtained by using 
the Codazzi equation as 


A"oo = — - 


1 d 
d dt 


Kij — bj — 152,3, 


(33) 


where dot denotes the derivative with respect to the cosmic time t, and b = b(t) is an arbitrary function 
of time [151153|. Then, by defining the parameters h{t) = b/b and H{t) = a/a, the components of 
represented by (|27ll take the form of 


Ooo 

Qij 


1362 




162 

(2h ' 

ea4 ' 

[h 


(34) 


Similar to the confined matter field source on the brane the geometric energy-momentum tensor Q^i, 
can be identified as 

Qflu {,Pextr 4“ Pextr')^fi'^u 4“ PextrQfiu-; (35) 

where the Pextr andperctr denote the "extrinsic geometric energy density" and "extrinsic geometric pressure", 
respectively (the suffix "extr" stands for "extrinsic") [IS]. Then, using Eqs. (1341) and (1551) we obtain 


_ 

pextr — T 5 

e 

Pextr — A 

e 



(36) 


Using Eqs. dsni), ii and (1361) and separating the space and time components we arrive at 


and 


- + 2 - 


„ fc 1 b"^ I d 

2— = 4 'kG{p-p) + — ^TT-niab), 
e ab at 


a 



47rG 

~3“ 


(P + 3p) 


e db dt 



(37) 


(38) 
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Eliminating the d terms gives the following modified Friedmann equation on the brane 


f d\^ k 8 ttG 1 5 ^ 

( “ ) —2 ~ ~~^P - 4 ’ 

\a/ 3 e 


(39) 


which possesses a modihed term arising from the extrinsic geometry of the brane in the bulk space. In the 
next sections, we will study this braneworld modification to the Friedmann equations with more details. 


3 The Brane Model with Junction Conditions 

Using the Israeal-Darmois-Lanczos junction condition which exactly provides the Z 2 symmetrj0(mirror sym¬ 
metry) |47| (see [46| for a brief review), one can obtain the extrinsic curvature tensor component of the original 
non-perturbed brane in terms of the confined matter sources on brane as fcn = b(t) = —a^pa^ |46) . Then, 
the modified Friedmann equations (1571) . (1551) and (1551) will take the forms 


and 



d 

a 


k SttG 1 4 2 

+ 2 “ Q ^ ’ 

6 e 

(40) 

4'^C' ^ 1 0 \ 1 ^ 4 2 

- 3 [P + 3p)+ ^a^p , 

(41) 


which shows the dependent cosmology [54] . 

Now, we intend to obtain modihcation of the basic law governing the emergence of space due to the 
difference between the degrees of freedom in the framework of this model. Using relation d/a = H + H^, 
Eq. (1411) . can be written as 

H + H^ = -^(p + 3p) + -atp^. (42) 

3 e 

Multiplying Eq. (155)) by we get 



47r 


47rG' {p + 3p) 
~3 


47r — 47r 


4 9 

■ 


(43) 


Assuming V 


A-kH ^/3 as the volume of the sphere on the brane with Hubble radius H ^ 


we have 


dV H 47r 16Tr^G{p + 3p) 

3 ^ eH^ ■ 


(44) 


On the other hand, according to Padmanabhan’s idea, the number of degrees of freedom on the spherical 
surface of Hubble radius H~^ is given by [5] 




A Att 


(45) 


where Lp is the Planck length and A = AttH ^ represents the area of the Hubble horizon. Using the area 
law S = A/ALp, as the saturation of Bekenstein limit [7], we can writ^l 

Nsur = 45 . ( 46 ) 

^The Z2 symmetry means that when you approach the brane from one side and go through it in the bulk, you face with 
the same bulk having reversed normal unit vector to the brane, i.e A/*“ —>• —A/*“. Indeed, in the presence of Z2 symmetry, the 
original non-perturbed brane located at = 0 acts as a mirror for all objects that feels the extra dimensions. The Z2 symmetry 
governs for any perturbation of the original brane leading to a mirror perturbation on the other side of the brane Eq]. 

^The Bekenstein limit is an upper limit on the entropy or information that can be contained within a given finite region of 
space which has a finite amount of energy. It implies that the information necessary to perfectly describe a system, must be 
finite if the region of space and the energy is finite. 
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Also, the bulk degrees of freedom obey the equipartition law of energy 


Abulk 


m 

keT' 


(47) 


where E, ks and T are the energy inside of the bulk, the Boltzmann constant and the temperature of the 
bulk, respectively. In the following, we use the units of fcg = c = = G = Lp = 1 for simplicity. We also 

assume the temperature associated with the Hubble horizon as the Hawking temperature T = H/2tt, and 
the energy contained inside the Hubble volume in Planck units V = as the Komar energy 


GKomar = \ {p + 3p)\V. 


(48) 


The novel idea of Padmanabhan is that the cosmic expansion, conceptually equivalent to the emergence 
of space, is being driven towards holographic equipartition, and the basic law governing the emergence of 
space must relate the emergence of space to the difference between the number of degrees of freedom in the 
holographic surface and the ones in the emerged bulk [5]. Using equations (ITTl) and (|151) . the bulk degrees 
of freedom may be obtained as 


^hulk — 


(p + 3p) 
“3 ’ 


(49) 


where it is assumed that p + 3p < 0. Thus, Eq. (HU) can be written as 


where 


^-N 

7 , sur 

at 

^bulk ^extri 

(50) 

^extr — 1 

' 3 \ atp^V 

(51) 

27:e T ’ 


appears as the number of degrees of freedom corresponding to the extrinsic geometry of the embedded brane 
in a higher dimensional spacetime. Indeed, there are three modes of degrees of freedom, the surface degrees of 
freedom, the bulk degrees of freedom and the ones that are related to the extrinsic geometry of the embedded 
brane. Since N^xtr represents the number of degrees of freedom, it must be positive. Equation (|51D shows 
that the positiveness of N^xtr demands for e = +1, representing a spacelike extra dimension. Therefore, 
it turns out that by applying the Israeal-Darmois-Lanczos junction condition, the timelike extra dimension 
will be ruled out. This indicates that unlike the other braneworld scenarios where there is no essential 
requirement for e being positive, in the present scenario the positiveness of e is imposed by the equation 
Generally, the braneworlds with different extrinsic geometries have different cosmological evolutions. 
It is seen that in this scheme, by applying the Israeal-Darmois-Lanczos junction condition, the number of 
degrees of freedom depends on the bulk space energy scale a*, the signature of the extra dimensions e = -|-1 
and the confined matter density p as well as the volume V and horizon temperature T. 

At the end of this section, we remark that the presence of the quadratic energy density in the Friedmann 
equations which was initially anticipated as a possible solution to the observed accelerated expansion of the 
Universe, was shown to be incompatible with the big-bang nucleosynthesis [^. Also, it is shown that this 
quadratic p term can constrain the high energy inflationary regimes in comparison with the observational 
SDSS/2DF/WMAP data [56]. In order to reconcile the above mentioned braneworld scenario with Z 2 
symmetry or Israeal-Darmois-Lanczos condition with the observational data, one may propose that this 
scenario should be modified, see EZj. Therefore, in the following section we will study the case of a general 
braneworld embedding procedure without any simplifying junction condition or Z 2 symmetry. 


4 The General Braneworld Model without any Specific Junction 
Condition 

We consider the geometric quantity (1351) with the barotropic equation of state 


Pextr — ^extr Pextr 1 


(52) 





where ujextr is the geometric equation of state parameter and generally can be a function of time. Using 
equations (155)) and (1551) . we obtain the following equation for b{t) 


y = ^ (1 - (53) 

o Z a 

where coextr is an unknown function. In general, solving the above equation is impossible unless the functional 
form of LOextr is given. Let us consider the simple case where uJextr = constant. In this case Eq. (1531) can be 
solved immediately as 

^0) ’ 

where oq = a(to) is the scale factor of the Universe at the present time and bo is an integration constant 
representing the curvature warp of the Universe at the present time. Substituting the solution (1541) into 
equations (I34|) gives the components of the geometric quantity in terms of bo, ao and a(t) as 


Qoo = -^^° 


€ a, 


0 


SuJextr 


3(l+CJea;tr) 


^ 1 3&g 

c a. 




^0 


and consequently using equations ()36l) we get 


Pextr — 


36g 


e a, 




—3(l+a;extr) 


_ 1 

Pextr — ~^extr 

e 


35o 


, 3cJextr 
'0 


^ 3(l+CJea:tr) 


(55) 


(56) 


Then, using equations (1561) and (1551) . the induced Einstein equation on the brane (1501) gives us the following 
equation for the confined energy density 


p = 3 



3fc 


1 3bo -3(l+Cde^tr) 

, l-Suixxtr- “ 

C Mq 


(57) 


Note that we have not included the cosmological constant because it is possible to construct a geometrical 
origin for the dark energy in a general geometrical embedding scheme with a brane possessing an extrinsic 
curvature, to recover the acceleration of the Universe [461 155] . The generalization to the case that the 
cosmological constant is not zero, is trivial. Similarly, the confined isotropic pressure component can be 
obtained from equations (1501) . (1351) and (1501) as 


P = 




1 36gW, 


e a, 


1 —3u;, 


Q-3(1+Cdextr) 


Combining these equations leads to the following equation 


d 

a 


{p 3 p) ^ 6 q (1 + ^COextr) 

3 3e 


1 3uJextr 


(58) 


(59) 


Using the same procedure as in the previous section, we obtain 

dV 


dt 


— d^sur d^hulk ^extri 


(60) 


where the number of degrees of freedom related to the extrinsic geometry of spacetime has the general form 

1 —3cJea:tr 


Nextr = 47riJ 

U 1 


j_ 1 
3€ ^ 


6Q(l + 3Wexir) ((To) 


2^^ 


ZttT ea^ 


3Wea:£r) 


ao 


1 — ScJecctr 


(61) 
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For the case of a general geometric embedding scheme, the number of degrees of freedom related to the 
geometric embedding state of the brane in a higher dimensional bulk beside the scale factor of the Universe a, 
depend on the signature of extra dimensions e, the volume V and horizon temperature T and warp factor of 
the Universe bo as well as the equation of state parameter of the geometric fluid LUextr- If the curvature warp 
of the universe &o vanishes, all of the extrinsic curvature components will also vanish, and the braneworld will 
behave just as a trivial plane. In this case, the number of degrees of freedom corresponding to the extrinsic 
curvature vanishes and we recover the original Padmanabhan’s relation ^ = Ngur ~ ^buik ■ 

Another interesting result is that when the geometric equation of state parameter becomes ujextr = ~l/3, 
the corresponding degrees of freedom also vanishes. Moreover, there are two possibilities for satisfying the 
positivity of Nextr- The first possibility is uJextr > ~l/3 with e = +1 which indicates a spacelike extra 
dimension. For this case, all of the known energy conditions such as weak, null, strong and dominant energy 
conditions are satisfied for the geometric fluid. The second possibility is ujextr < —1/3 with e = — 1, which 
accounts for a timelike extra dimension. In this case, the energy conditions may be violated by the geometric 
fluid. It is worth mentioning that, according to (1561) . satisfying the weak energy condition requires e = +1 
which is the same result coming from the positiveness of Nextr- 

Our Universe, is not pure de Sitter but we know that it evolves toward an asymptotically de Sitter phase. 
For the purpose of reaching holographic equipartition we need to have dV/dt —^ 0 in the equation (1601) which 
leads to A^sur = Nij^ik + N^xtr- In order to understand the prominent feature of N^xtr it is better to look 
at equation (1601) without this term. Following the discussion of Padmanabhan, one can consider that N^uik 
consists of two terms, one related to the normal matter with p + 3p > 0, and the other one related to the 
dark energy with p + 3p < 0 [6]. So, it is possible to divide the degrees of freedom of bulk into two terms, 
one coming from the degrees of freedom of dark energy leading to acceleration and the other one coming 
from the degrees of freedom of normal matter leading to deceleration. Then, equation (l60)) takes the form 
of ^ = Ngur + Nm — Nile- Thus, it is seen that a universe without a dark energy component has no hope 
of reaching the holographic equipartition [^. 

We can remark the important results of the present study as follows. 

• We can avoid of the term N^e, namely dark energy or cosmological constant, which has been proposed by 
Padmanabhan. In our general setup, dark energy has a completely geometrical origin |46) . In fact, the 
geometrical component denoted by N^xtr plays the role of N^e proposed by Padmanabhan. Similarly, 
we can understand equation (1601) in a better way if we separate out the matter component resulting 
in deceleration from the geometrical component resulting in acceleration. For the sake of simplicity, 
we will assume that the Universe has just two components, the normal matter with p + 3p > 0 and 
an effective (geometric) matter with pextr + ipextr < 0 . By our consideration, equation (j60l) can be 
expressed in an equivalent form as 


dt 


— Nsur T Njji Nextr-/ 


where Ngur, Nm-, Nextr are positive with 


{Nm - Nextr) 


( 


2V 


)[(p + 3p) + |p 

extr 


3pea:tr|]- 


(62) 


(63) 


It is seen that the holographic equipartition condition with asymptotically vanishing emergence of 
space {dV/dt —>■ 0) can be satished only if the Universe possesses Nextr- Equivalently, the existence 
of a geometric term (due to the embedding of the brane) is required for the asymptotic holographic 
equipartition which leads the cosmos to hnd its equilibrium. In the presence of Nextr-, the emergence 
of space will lead to Nextr dominating over Nm with the universe experiencing accelerated expansion 
due to dark energy. Asymptotically, Nextr will approach Ng^r and dV/dt —>■ 0 in a de Sitter universe. 

• We can keep the term Nde as the dark energy degrees of freedom in the bulk and consider the new 
term Nextr as a geometric contribution to the term N^e- In this regard, we can write the following 
equation 

= Ngux + Nm — {Nde + Nextr)- (64) 
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The holographic equipartition condition is satisfied if N^ur + = {Nde + Nextr)- Moreover, we have 


[Nm ~ {^de + Nextr)] — ( rTi)[(P + ^P) + \Pde + ^Pde\ + \Pextr + ^Pextr]]- (65) 

Kb-L 

In the presence of {N^g + Ngx;tr)^ the emergence of space will lead to (iV^e + Ngxtr) dominating over 
with the universe experiencing accelerated expansion due to dark energy and geometric embedding. 
Asymptotically, [Nde + Ng^tr) will approach Naur and dV/dt —>■ 0 in a de Sitter universe. 

5 Thermodynamics of a General Braneworld Scenario 

The first law of thermodynamics for apparent horizord reads as |61| 


-dE = TdS, (66) 

where T is the time-dependent temperature of a thermal heat bath as is perceive by an observer at r = 0, dE 
is the change in the mass of the matter present on the observer’s side of the horizon, and dS is the increases in 
the horizon entropy. In this section, we confirm the validity of the first law of thermodynamics for apparent 
horizon in the presence of the additional terms due to the extrinsic curvature of a braneworld model and then 
we study the second law of thermodynamics with the assumption that in the apparent horizon the space-time 
has thermodynamical behaviour. We also show that the second law of thermodynamics for apparent horizon 
is always satisfied for an expanding universe. 

The entropy of system is obtained as the sum of the surface entropy and the internal entropy. The 
internal entropy includes the entropy related to the ordinary matter fields localized on the brane and the 
geometric entropy corresponding to the induced geometric matter. In this section, we consider a general 
embedding scheme without any specific junction condition. 

For a flat universe fc = 0, we consider a perfect fluid form for the geometric fluid as in equation (1351) 
and using equations (1551) , (1571) , ((551) and conservation equation 

= (87rr''‘' -h = 0. (67) 

we obtain three following equations 

P T Pextr T 3H(^p p Pextr T Pextr) — 0, (68) 

• o 4:7r 

H -h H =--h 3p + pextr + ^Pextr): (69) 

Sir Stt , 

H — ~^P "I '^Pextr- (70) 

As is seen from the above equations, there are two kind of matter sources for these equations. The first one 
is the normal matter p confined on the brane and the second one is the induced geometric matter pgxtr- In 
order to obtain the entropy expression associated with the normal and geometric matter, we consider the 
variation of their corresponding energies, dEA^ and dEA^^t ^, which are achievable by the energy crossing 
formula on the apparent horizon as m 

- dEA^ = AnR^T^^K^^K'^dt = AT:R^{p + p)dt, (71) 

- dEA^^t^ = 4:TTR'^Qfj,uK^^K''dt = AnR^^pgxtr + Pextr)dt, (72) 

where we have used the subscript A to denote for the quantities on the “Apparent horizon". In order 
to achieve the total energy crossing formula, we should consider equations (ini and ((72)) together with 
dEA = dEA^ + dEAg^tr ■ Then, we obtain 

- dEA = A'kR^{T^u + Q^i,)K^K’'dt = 4 :TtR^{p+p + pgxtr + Pextr)dt. (73) 

^At each hypersurface of constant time, the apparent horizon of an observer located at r = 0 is defined as the sphere whose 
orthogonal ingoing future-directed light-rays have vanishing expansion. 
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From the equation (IS5)l we have 


P + Pextr /nA\ 

P P Pextr “t“ Pextr — ott ' (‘^) 

Oil 

Also, the derivative of equation (|70ll will give 

2HH =^ip + p,,tr)- (75) 

Then, using the equations (TMl) and (1751) . we obtain 

‘2H 

P P Pextr “t" Pextr — 3 ■ (76) 

OTT 

Inserting the equation (1761) into the equation (1751) and considering instead of Ra, the energy crossing 
term will take the form of 

(IEa = R-'^Hdt. (77) 

We note that the radius of apparent horizon is Ra = {H^ + -^)~ where for the flat spatial geometry fc = 0, 
the radius of the apparent horizon Ra coincides with bubble horizon Ra = jj ■ Thus, by taking into account 
the area law of the entropy, i.e Sa = A/4 = 47riJ“^/4, we find 

TacISa = = -H-^Hdt, (78) 

which denotes the total surface crossing entropy of the system. Thus, one can confirm the validity of the 
first law of thermodynamics using equations (1771) and ((78l) as 

- dEA = TAdSA. (79) 

where Ta = (2t:Ra)~^- Using (1781) . we obtain 

Sa = (80) 


On the other hand, we have the internal entropy Si for the system which is related to the volume inside 
the horizon (we have used the subscript I to denotes for the quantities “Inside apparent horizon”). For the 
internal entropy, we have 

TidSi = PdV + dEi, (81) 

where P = p + Pextr and Ej = {p + Pextr)V. Variation of (1511) results in 


Si 


ip T Pextr T p T Pextr)^ T U(p + Pextr) 
Ti 


(82) 


where we have divided it to the entropy corresponding to the normal matter Sm and the geometric matter 
Sextr- The extrinsic geometric entropy shows its effect through the induced geometric fluid on the brane by 
adding a new term to the total internal entropy. In the above equation, T/ is the temperature of the thermal 
system inside the horizon. We consider a thermal system which is bounded by an apparent horizon that has 
reached equilibrium with its internal volume. This assumption allows us to put T/ = Ta |62| . By putting 
V = and using equations (1751) and (1751) in the equation (1571) . we obtain 


c ,6 -Oir ^ 
Om ~r Oextr — 1 



Then, the total derivative of the entropy by adding equation (O to equation (1551) . becomes 

' H '' 


St = S 


m “r >^extr 


+ Sa — ^TT 




- 2ttHH-^. 


(83) 
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According to the second law of thermodynamics, entropy of the thermodynamical systems can never decrease. 
So, the derivative of the entropy with respect to time is always greater than zero, i.e., St ^ 0, so we have 

St = 2 -kH^H-^ > 0. (84) 

For the Universe which expands, H > 0, the above equation is always true representing that the second 
law of thermodynamics always holds. Then, the entropy of the Universe always increases and it depends 
on the normal matter p and the induced geometric matter Pextr, and by looking at equation dzni) , we see 
that it is independent of the pressure profiles p and Pextr- Therefore, in our braneworld model, similar to 
the Kaluza-Klein model with St = ^ 0? the entropy of the Universe on the apparent horizon always 

increases m- 

6 Conclusion 

In this paper, we have addressed the following question: what is the dynamical effect of the extrinsic 
geometrical embedding of an arbitrary four dimensional brane in a higher dimensional bulk space, from 
Padmanabhan’s point of view on the emergent Universe? We have shown that other than the surface 
degrees of freedom and the bulk degrees of freedom, there are new degrees of freedom related to the extrinsic 
geometry of the brane embedded in a higher dimensional bulk space which may play a basic role in the 
cosmological evolution. Based on this scenario, we have corrected the Padmanabhan’s relation as AV/At = 
Nsnr — A^buik ~ Agxtr where iVextr accounts for the new degrees of freedom corresponding to the extrinsic 
geometry of the brane. This term has a contribution to the Padmanabhan’s relation such that it plays 
the role of a dark energy. In this regard, we have separately investigated the braneworld scenarios with 
and without specific junction conditions. Moreover, we have shown that for the case of braneworlds with 
Israeal-Darmois-Lanczos junction condition, the number of degrees of freedom is determined by the bulk 
space energy scale a*, the signature of the extra dimensions e = +1 and the confined matter density p as 
well as the volume V and horizon temperature T. In this case, because of positivity of the number of degrees 
of freedom, A^extrj the possibility of having timelike extra dimension is ruled out. 

For the case of a general geometric embedding scheme, the number of degrees of freedom related to the 
geometric embedding state of the brane in a higher dimensional bulk space, beside the scale factor of the 
Universe a, depends on the signature of extra dimensions e = ±1, the volume V, the horizon temperature T 
and the warp factor of Universe bg, as well as the equation of state parameter of the geometric fluid uiextr- If 
the curvature warp of the Universe 6o vanishes, all of the extrinsic curvature components vanish too, and the 
braneworld behaves just as a trivial plane. In this case, the corresponding number of degrees of freedom also 
vanishes and we recover the original Padmanabhan’s relation ^ = Nsur — Nbuik ■ Also, when the geometric 
equation of state parameter will be oJextr = ~l/3, the corresponding degrees of freedom also vanishes in 
this approach. Moreover, the positivity of of the number of degrees of freedom requires uJextr > —1/3 for a 
spacelike extra dimension where coextr < —1/3 for a timelike extra dimension. For the first case, all of the 
known energy conditions as weak, null, strong and dominant energy conditions are satisfied by the geometric 
fluid while they may be violated by the geometric fluid for the second case. Then, we investigated the 
thermodynamical aspects of this general braneworld model. We confirmed the validity of the first law of 
thermodynamics on apparent horizon in the presence of the additional terms due to the extrinsic curvature 
of a braneworld model and then we studied the second law of thermodynamics with the assumption that 
on the apparent horizon the space-time has thermodynamical behaviour. We found that the second law of 
thermodynamics is always satisfied for an expanding universe. It should be noticed that the presence of 
thermal equilibrium fluctuations and quantum fluctuations can contribute as the entropy correction, and 
consequently the number of degrees of freedom will be corrected, correspondingly. This work is under our 
current study and will be reported in the near future. 
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